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Abstract
Closed-form solutions for magnetohydrodynamic (MHD) and rotating ﬂow of
generalized Burgers? ﬂuid past an accelerated plate embedded in a porous medium
are obtained using the Laplace transform technique. Modiﬁed Darcy?s law for
generalized Burgers? ﬂuid is taken into account. Both constant and variable
acceleration cases are considered. The graphical results along with illustrations are
presented to bring out the eﬀects of indispensable parameters on the velocity. The
obtained solutions are reduced as special cases to their limiting solutions by taking
some suitable parameters equal to zero.
Keywords: accelerated ﬂow; generalized Burgers? ﬂuid; MHD; porous medium; exact
solutions
1 Introduction
Most of the studies dealing with ﬂow phenomena of rotating ﬂuids in porous media are
limitedmerely toNewtonianﬂuids. This is because of the fact that the governing equations
of Newtonian ﬂuids are simpler in comparison to non-Newtonian ﬂuids. Non-Newtonian
ﬂuids, on the other hand, recently have become quite prevalent in industry and engineer-
ing. Some of their common examples are butter, cosmetics and toiletries, mud, jams, jel-
lies, blood, certain oils like waxy crude oils, palm oil, coconut oil, shampoo and soap. As a
consequence of diverse physical structures of these ﬂuids, there is not even a single consti-
tutive model which can predict all the salient features of non-Newtonian ﬂuids. Generally,
there are three non-Newtonian ﬂuid models. They are known as (i) the diﬀerential type,
(ii) the rate type, and (iii) the integral type. But the most famous amongst them are the
ﬁrst two models. In this article, we study the second model, the rate type ﬂuid, and con-
sider its subclass known as generalized Burgers? ﬂuid. The simplest subclasses of rate type
ﬂuid areMaxwell andOldroyd-B ﬂuids. But they are limited in terms of their applications.
The Burgers? ﬂuid model is capable of the description of motion of the earth?s mantle, re-
sponse of asphalt concrete, geological structures modeling, for instance, Olivine rocks,
and the propagation of seismic waves in the interior of the earth [, ]. On the other hand,
the analysis of the eﬀect of rotation of electrically conducting ﬂuids plays an important
role in cosmical ﬂuid dynamics, energy generators, structure of rotating magnetic stars,
magneto-geophysics and planetary astrophysics especially in the study of wind generated
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currents on rotating earth. The solutions for rotating ﬂow of non-Newtonian ﬂuids be-
come more diﬃcult when these ﬂuids are considered in the presence of MHD and porous
medium. Despite these diﬃculties, various researchers are involved in the ﬁeld and are
making their interesting contributions. However, the solutions to such problems are very
rare, specially if one is interested in the closed form solutions. Some interesting contribu-
tions in this direction are mentioned in references [–]. A few other investigations of
non-Newtonian ﬂuids consider the eﬀect of rotation are reported by Shahzad et al. [],
Hayat et al. [–], Siddiqui et al. [] and Abelman et al. []. Recently, Khan et al. []
obtained the exact solutions for accelerated ﬂows of a rotating second grade ﬂuid in a
porous medium using the Laplace transform technique.
Based on this motivation, the present article studies the unsteady MHD ﬂow of gen-
eralized Burgers? ﬂuid with modiﬁed Darcy?s law. Two explicit examples of acceleration
subject to a rigid plate are considered. The closed form solutions of the resulting problem
are developed by using the Laplace transform technique. The velocity proﬁles are plotted
in order to illustrate the variation of embedded ﬂow parameters.
2 Flow due to a constantly accelerated plate
Let us consider an incompressible generalized Burgers? ﬂuid bounded by a rigid plate at
z = . The ﬂuid occupies the porous half space z > . The z-axis is taken normal to the
plate. Initially, the plate and ﬂuid are at rest. After time t = +, both the ﬂuid and the plate
perform solid body rotation with uniform angular velocity  about the z-axis. The ﬂuid
is electrically conducting under the action of a uniform magnetic ﬁeld B = B + b, acting
parallel to z-axis. Here B is an applied magnetic ﬁeld and b is an induced magnetic ﬁeld.
The electric ﬁeld is assumed to be zero. The magnetic Reynolds number is taken small to
neglect the eﬀect of induced magnetic ﬁeld. The ﬂow in the ﬂuid is induced due to the
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where F = u+ iv is the complex velocity of the ﬂuid and u and v are its components in x and
y-directions, respectively, ρ is the ﬂuid density, μ is the dynamic viscosity, ν is the kine-
matic viscosity, B is themagnitude ofB, σ is the ﬁnite electrical conductivity of the ﬂuid,
φ ( < φ < ) is the porosity and k >  is the permeability of the porous medium, λ and λ
are relaxation and retardation times, whereas λ and λ are material constants having the
dimensions as the square of time. The corresponding boundary and initial conditions are
F(, t) = At; F(∞, t) = ; t > , ()
F(z, ) = ∂F(z, )
∂t =
∂F(z, )
∂t = ; z > , ()
where A with dimension L/T is the constant acceleration of the plate in x-direction.
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the dimensionless problem becomes
∂G(ξ , τ )
∂ξ 
+ γ ∂
G(ξ , τ )
∂τ ∂ξ 
+ η∂
G(ξ , τ )
∂τ  ∂ξ 
– β ∂
G(ξ , τ )
∂τ 
– a





– cG = ; ξ , τ > , ()
G(, τ ) = τ ; G(∞, τ ) = ; τ > , ()

















































c = iω +M +

K , a = α + iωβ +M
β + ηK ; b =  + iωα +M
α + γK .
Here α and γ are the non-dimensional relaxation and retardation times, β and η are non-
dimensional material constants, ω is the non-dimensional angular velocity,M is the non-
dimensional magnetic parameter called Hartmann number and K is the non-dimensional
porosity parameter, where the arbitrary constants a, b and c are introduced for the sake
of mathematical convenience.
The solution of Eq. () in view of Eqs. () and () in the transformed q-plane is given by




βq + aq + bq + c




G¯(ξ ,q) =L{G(ξ , τ )} =
∫ ∞

exp(–qτ )G(ξ , τ ) dτ .
To ﬁnd the Laplace inverse of Eq. (), we use a similar procedure as in [] andwrite G¯(ξ ,q)
in the product form as:










; w(q) = βq
 + aq + bq + c
ηq + γ q +  . ()
Denoting G(τ ) = L–{G¯(q)} and G(ξ , τ ) = L–{G¯(ξ ,q)}, then by using the convolution
theorem [], we have
G(ξ , τ ) = (G ∗G)(τ ) =
∫ τ

G(τ – s)G(ξ , s) ds. ()
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The Laplace inverse of Eq. () yields
G(τ ) = τ . ()





f (u)g(u, τ ) du,
where f (τ ) =L–{F(q)} and g(u, τ ) =L–{exp(–uw(q))}.
Choosing f (ξ ,q) = exp(–ξ√q), we have




; ξ > , ()
















g(u, τ ) du. ()
Now to ﬁnd g(u, τ ) =L–{exp(–uw(q))}, we write w(q) in the following form:
w(q) = βq
 + aq + bq + c
ηq + γ q +  = η +
β
η
q + ηq – q
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and q, = –γ±
√
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η are the roots of the equation ηq + γ q +  = .
Thus
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where J(·) is the Bessel function of the ﬁrst kind of order one, then ﬁnally one has
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)
dsdσ , ()
where L–{exp(–αq)} = δ(τ – α) and δ(·) indicates the Dirac delta function.
Invoking Eq. () into Eq. (), we get
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Introducing Eqs. () and () into Eq. (), we get
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Taking u = vη
β
into Eq. () and keeping in mind
∫ b
a
f (x)δ(x – x) dx =
{
f (x) for x ∈ [a,b),
 for x /∈ [a,b), ()
one ﬁnally obtains
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× exp
( –βξ 
η(s – σ ) + qw + q(s – σ ) –
ηη
β
















(s – σ )(σ –w)
)
dsdσ dw. ()
The starting solution () holds for both small and large times. In order to write as a sum
of the steady-state and transient solutions, we use the relation
∫ τ

f (ξ , τ , s) ds =
∫ ∞

f (ξ , τ , s) ds –
∫ ∞
τ
f (ξ , τ , s) ds. ()
Hence Eq. () reduces to the following form:
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× exp
( –βξ 
η(s – σ ) + qw + q(s – σ ) –
ηη
β
















(s – σ )(σ –w)
)
dsdσ dw. ()
3 Flow due to a variably accelerated plate
Now let us consider the ﬂow situation in which the motion in the ﬂuid is induced due to a
variably accelerated plate. The rest of the problem is the same except for the ﬁrst boundary
condition () which is replaced by
F(, t) = Bt; t > , ()
in which B with dimension L/T denotes the variable acceleration of the plate in x-direc-











; G = F
(νB) 
()
into Eq. () along with boundary and initial conditions (), () and (). Hence, ﬁnally, we
arrive at the following dimensionless system of equations:
∂G(ξ , τ )
∂ξ 
+ γ ∗ ∂
G(ξ , τ )
∂τ ∂ξ 
+ η∗ ∂
G(ξ , τ )
∂τ  ∂ξ 
– β∗ ∂
G(ξ , τ )
∂τ 
– a∗





– c∗G = ; ξ , τ > , ()
G(, τ ) = τ ; G(∞, τ ) = ; τ > , ()
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Following a similarmethodology of solution as for a constantly accelerated plate, ﬁnally we
arrive at the following solution (asterisk signs are dropped for mathematical simplicity):
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β
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)
dsdσ dw. ()
The corresponding solutions for small and large times are given by
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ηη
β
















(s – σ )(σ –w)
)
dsdσ dw. ()
It is important to note that the obtained solutions () and () clearly satisfy the imposed
boundary and initial conditions, which serves as a validation of the presented results.
4 Limiting cases
In this section we reduce our solutions to their limiting cases.
(i) The above solutions for a hydrodynamic ﬂuid (M = ) in a non-porousmedium (/K =
) result in
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It is important to note that although solutions () and () are obtained as a limiting case
of solutions () and (), these solutions are still new and are not reported in the existing
literature.
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(ii)Makingω =  into Eqs. () and (), similar solutions for a generalized Burgers? ﬂuid
in a non-rotating frame are obtained as follows:
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(iii) Making λ and λ =  into Eq. () and following the same way as before, we get the
velocity ﬁeld for an Oldroyd-B ﬂuid performing the same motion









































































































(iv) Now by letting λ,λ,λ =  into Eq. (), we get the velocity ﬁeld for a second grade
ﬂuid performing the same motion
















































































where I(·) is the modiﬁed Bessel function of the ﬁrst kind of order one and
b =  +
γ
K , c = iω +M




The above solutions () and () are in accordance to those obtained in [] (see Eqs.
() and ()).
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(v) Finally, making λ,λ,λ and λ = , we get the following solutions:



























for a Newtonian ﬂuid performing the same motion.
5 Graphical results and discussion
Unsteady MHD accelerated ﬂows of generalized Burgers? ﬂuid over a rigid plate embed-
ded in a porousmedium have been examined. The governing partial diﬀerential equations
for velocity have been analytically solved by the Laplace transform technique. In order to
understand the nature of the ﬂow and its dependence on the involved parameters (M, K ,
and ω), the graphical results for dimensionless velocity G versus ξ and τ are plotted. We
note that Figures - have been sketched for the constant accelerated ﬂow. However, it is
observed that the variations of parameters in variable accelerated ﬂow are found qualita-
tively similar to the eﬀects plotted for constant accelerated ﬂow. Therefore, the graphical
results for variable accelerated ﬂow are not included. Further, each ﬁgure (a) and (b) de-
picts the behavior of real and imaginary parts of velocity. In all these ﬁgures, the same
values of α = ., β = ., γ = ., η = . are used.
Figure  shows the graph of the velocityG(ξ , τ ) for diﬀerent values of magnetic parame-
terM. The range of magnetic ﬁeld is chosen from  to . It is noticed that in the absence
of magnetic ﬁeld velocity is maximum and then, by increasing the magnetic parameterM,
the magnitude of both real and imaginary parts of velocity is decreasing. Such an eﬀect
may also be expected because of the fact that the transverse magnetic ﬁeld produces a
resistance force (Lorentz force) similar to drag force which tends to resist the ﬂow thus
reducing its velocity. Increasing the permeability parameter K causes an increase in the
magnitude of velocity, which is quite opposite to that ofM as shown in Figure . This is in
accordance with the fact that an increase in permeability of the porous medium reduces
the drag force. Consequently, this causes the velocity to increase. The behavior of rota-
tion parameter ω is shown in Figure . It is noticed that the magnitude of the real part of
velocity is a decreasing function of ω. However, the imaginary part explains that velocity
ﬁrst increases in the range of ξ =  to . and then, for the further large values of ξ , the
velocity decreases when ω is increased and ﬁnally approaches zero. The variation of ve-
locity along time τ for diﬀerent values of K and ξ is shown in Figure . It is observed from
Figure (a) that initially, when time is zero, the velocity is zero and the ﬂuid is at rest. This
is also true in view of the initial condition given by Eq. (). Further, as time advances, the
velocity of the ﬂuid increases. However, for large values of ξ , the velocity is decreasing and
ultimately approaching zero when ξ tends to inﬁnity. Physically, this is true due to the fact
that faraway from the plate, there is no disturbance. From Figure (b), it is found that the
variation in the imaginary part of velocity along time τ for diﬀerent values of ξ and M is
opposite when compared with the real part of velocity. It is further noted that at ξ = , for
τ > , the ﬂuid is at rest. This is also true because of the fact that at ξ = , the imaginary
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(a)
(b)
Figure 1 Velocity proﬁles for different values ofMwhen ω = 2, K = 0.5, τ = 0.068.
(a)
Figure 2 Velocity proﬁles for different values of K when ω = 2,M = 0.5, τ = 0.089.





Figure 3 Velocity proﬁles for different values of ω whenM = 2, K = 0.5, τ = 0.018.
Khan et al. Boundary Value Problems  (2015) 2015:8 Page 15 of 17
(a)
(b)
Figure 4 Variation of velocity along time for different values of K and ξ when ω = 0.2,M = 2.
part of velocity is zero as we can see from boundary condition (). The variation of veloc-
ity along τ for diﬀerent values ξ andM is studied in Figure . It is found that the behavior
of velocity is quite identical with that of Figure .
6 Concluding remarks
The objective of the present work was to determine the exact solutions for the acceler-
ated ﬂows in a rotating frame. The electrically conducting generalized Burgers? ﬂuid is
passing through a porous medium. Solutions for velocity have been obtained using the
Laplace transform. Inﬂuences of emerging parameters on velocity have been shown in
several graphs and the following observations have been noted.
• Under the MHD inﬂuence, ﬂuid velocity decreases with an increase in the magnetic
parameter M.
• The permeability parameter K of the porosity yields an opposite eﬀect to that ofM.
• The rotation parameter ω decreases the velocity magnitude for the real part while
increases the imaginary part ﬁrst and then decreases.
• The salient features of embedded parameters in constant and variable accelerated
cases are similar in qualitative sense.
• In the case of second grade ﬂuid, our results are identical with those of Khan et al. [].
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(a)
(b)
Figure 5 Variation of velocity along time for different values ofM and ξ when ω = 0.2, K = 0.2.
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